Monogenic orthogonal polynomials over 3D prolate spheroids were previously introduced and shown to have some remarkable properties. In particular, the underlying functions take values in the quaternions (identified with R 4 ), and are generally assumed to be nullsolutions of the well known Moisil-Théodoresco system. In this paper, we show that these polynomial functions play an important role in defining the Szegö kernel function over the surface of 3D (prolate) spheroids. As a concrete application, we prove an explicit expression of the monogenic Szegö kernel function over 3D (prolate) spheroids and present two numerical examples.
Introduction
Quaternion analysis arises as an attempt to generalize adequately the theory of holomorphic functions of one complex variable, and also provides the foundations to refine the theory of harmonic functions to higher dimensions. The rich and powerful structure of this function theory involves the analysis of quaternion functions that are defined in 3D open subsets and that are nullsolutions of higher-dimensional Cauchy-Riemann or Dirac systems. They are often called generalized holomorphic functions; for historical reasons they are also called monogenic functions. In the meantime quaternion analysis has become proverbial in mathematics and extremely successful in many different directions. For a fairly account of this multidimensional function theory and related topics we refer the reader to [28, 29, 35, 36, 54, 55, 58] .
Monogenic polynomials constitute today a well-developed and very active area of research in quaternion analysis. Actually the general problem of approximating a monogenic function by monogenic polynomials did not really come into its own until the appearance of R. Fueter's work [23, 24] in 1932, which was done by means of the hypercomplex variables. This study culminated in the works of F. Brackx, R. Delanghe and F. Sommen in [4] and H. Malonek [41] whose work has led to the development of a monogenic function by a local approximation (Taylor series) in terms of the Fueter polynomials. A survey on this work and an extensive list of references can be found in [30] . In our view much of the older theory has been given a new interpretation, and a new light has been shed upon the study of monogenic polynomial bases in the context of quaternion and Clifford analyses. For later developments the reader is referred to [1, 2, 5, 6, 7, 8, 9, 16, 17, 18, 19, 37, 38, 40, 45, 46, 47, 49, 62] and elsewhere. The standard domain, in which the previous contributions are developed, is the ball. Therefore it is of great interest to progress with a function theory on a different type (and more general) domains.
Most relevant to our study are the intimate connections between monogenic functions and spheroidal structures, and the potential flexibility afforded by a spheroid's nonspherical canonical geometry. Developments are described in the sequence of papers by H. Malonek et al. in [42, 43] and J. Morais et al. in [31, 51] . In light of this, in [48, 50] a very recent approach has been developed to discuss complete sets of monogenic orthogonal polynomials over prolate spheroids in R 3 of which could be expressed in terms of products of Ferrer's associated Legendre functions multiplied by Chebyshev polynomial factors (see Theorem 3.1 below). This new method generalizes the harmonic polynomial systems exploited by P. Garabedian in [25] and shows connections with the classical works of S. Zaremba [63] , K. Friedrichs [21, 22] , and G. Szegö [59, 60] . There are several features of particular relevance here. A spheroid is a common tool in computer graphics applications including geometric modelling, 3D metamorphosis and collision detection. Particularly, the importance of constructing the underlying spheroidal monogenics stems from the role which they play in the calculation of the Bergman and Szegö kernels, and Green's monogenic functions in a spheroid. Once these functions are known, it is possible to solve both Dirichlet boundary value and conformal mapping problems in spheroidal structures arising in hydrodynamics, elasticity and electromagnetism. For example, magnetometric problems for prolate spheroids are often applied to magnetometry in some volcanic and post volcanic regions [33] . For the solvability of boundary value problems of radiation, scattering and propagation of acoustic signals and electromagnetism waves in spheroidal domains, spheroidal functions are commonly encountered. These applications have stimulated a recent surge of new techniques and have reawakened interest in approximation theory, potential theory, and the theory of partial differential equations of elliptic type for spheroidal domains [3, 10] .
The article is organized as follows. Section 2 gives a brief introduction to some general definitions and basic properties of quaternion analysis. Section 3 reviews a special complete set of monogenic polynomials over prolate spheroids in R 3 . Some properties of the system are briefly discussed. The examples presented at the end of Section 3 illustrate approximations up to degree 10 for the image of a (prolate) spheroid under certain spheroidal monogenic mappings, and lead to qualitatively very good numerical results. With the help of this system, in Section 4 we define the monogenic Szegö kernel function of this class. This will be done in the spaces of square integrable functions over the quaternions. We finish the section by presenting two examples showing the applicability of our approach. Some conclusions are drawn in Section 5.
In this note, the authors confine themselves exclusively to studies on prolate spheroids in the 3D Euclidean space. Interestingly, the used methods can be either extended to oblate spheroids or even to arbitrary ellipsoids. But such a procedure would make the computations somewhat laborious, and for this reason we shall not discuss these cases here. Further investigations and extensions of this topic will be reported in a forthcoming paper. The results in this article are new in the literature and have some consequences that are now under investigation.
Preliminaries

Prolate spheroidal harmonics
A prolate spheroid is generated by rotating an ellipse about its major axis. For the prolate spheroidal coordinate system (µ, θ, φ) the coordinate surfaces are two families of orthogonal surfaces of revolution. The surfaces of constant µ are a family of confocal prolate spheroids, and the surfaces of constant θ are a family of confocal hyperboloids of revolution.
In prolate spheroidal coordinates (see e.g. E.W. Hobson [32] , N.N. Lebedev [39] ), the Cartesian coordinates may be parameterized by x = x(µ, θ, φ), µ ∈ [0, ∞), θ ∈ [0, π), and φ ∈ [0, 2π), such that
where c is the prolatness parameter, and a = cosh µ, b = sinh µ, are respectively, the semimajor and semiminor axis of the generating ellipse. Using these transformation relations the surfaces of revolution for which µ is the parameter consist of the confocal prolate spheroids:
Accordingly, the surface of S is matched with the surface of the supporting spheroid µ = α if we put c 2 cosh 2 α = a 2 , and c 2 sinh 2 α = b 2 . Then we obtain the prolatness parameter c = √ a 2 − b 2 ∈ (0, 1), which means that c is the eccentricity of the ellipse with foci on the x 0 -axis: (−c, 0, 0), (+c, 0, 0).
The particular solutions of the Laplace equation in prolate spheroidal coordinates are the well known prolate spheroidal harmonics [20, 32, 39] . The prolate spheroidal harmonics form a complete and orthogomal set of functions for the space interior of (1), and are a combination of products of spherical functions:
where n is a constant, and Θ(θ) := P l n (cos θ) and Ξ(µ) := P l n (cosh µ) satisfy the differential equations
Here P l n are the Ferrer's associated Legendre functions of the first kind of n-th degree and l-th order, T l and U l are, respectively, the Chebyshev polynomials of the first and second kinds. We remark that whenever l = 0, the corresponding associated Legendre function P 0 n coincides with the Legendre polynomial P n . In this assignment, the sign convention of including the Condon-Shortley phase is adopted:
Originally, the spheroidal prolate functions (C. Flammer [20] , E.W. Hobson [32] , N.N. Lebedev [39] ) were introduced by C. Niven in 1880 while studying the conduction of heat in an ellipsoid of revolution, which lead to a Helmholtz equation in spheroidal coordinates. Higher dimensional extensions of the prolate spheroidal functions were first studied by D. Slepian in [57] , which provided many of their analytical properties, as well as properties that support the construction of numerical schemes (see also A.I. Zayed [61] ). Very recently, K.I. Kou et al. [34] introduced the continuous Clifford prolate spheroidal functions in the finite Clifford Fourier transform setting. These generalized spheroidal functions (for offset Clifford linear canonical transform) were successfully applied for the analysis of the energy concentration problem introduced in the early-sixties by D. Slepian and H.O. Pollak [56] .
Quaternion analysis
In the present section we review some definitions and basic properties of quaternion analysis. For each element z ∈ H, it can be uniquely written in the form
where the imaginary units i, j, and k stand for the elements of the basis of H, subject to the rules
The scalar and vector parts of z, Sc(z) and Vec(z), are defined as the z 0 and z 1 i + z 2 j + z 3 k := z terms, respectively. Like in the complex case, the conjugate of z is the element z = z 0 − z 1 i − z 2 j − z 3 k, and the norm |z| of z is defined by
Let Ω be an open subset of R 3 with a piecewise smooth boundary, and
is a quaternion-valued function or, briefly, an H-valued function, where [f ] l (l = 0, 1, 2, 3) are real-valued functions defined in Ω. Continuity, differentiability, integrability, and so on, which are ascribed to f are defined componentwise. A possibility to generalize complex holomorphy is offered by following the Riemann approach, which is introduced by means of the classical Dirac operator (also known as Moisil-Théodoresco operator [23, 44] )
Nullsolutions to this operator provide us with the class of the so-called monogenic functions.
Remark 2.1. Throughout the text, and unless otherwise stated, we only use left H-valued monogenic functions that, for simplicity, we call monogenic. Nevertheless, all results accomplished to left H-valued monogenic functions can be easily adapted to right H-valued monogenic functions.
It is worthy of note that the equation ∂f = 0 is equivalent to the system
or, in a more compact form:
We may point out that system (MT) is called the Moisil-Théodoresco system [44] (cf. [35] ), and as shown in [53] it has the form of the classical Cauchy-Riemann equations for H-valued functions f so that ∂f = 0. For the interpretation of the (MT) system in viewpoint of H ∼ = C + 0,3 we also refer to [17] . The solutions of the (MT)-system will be called (MT)-solutions, and the subspace of polynomial (MT)-solutions of degree n is denoted by M + (Ω; H; n). In [58] (see also [17, Remark 1]), it is proved that dim M + (Ω; H; n) = n+1. We further introduce the right linear Hilbert space of square integrable H-valued functions in Ω that we denote by L 2 (Ω; H; H), and the space of square integrable H-valued monogenic functions in Ω by M + (Ω; H) := L 2 (Ω; H; H) ∩ ker ∂. In the sequel, let ∂S denote a prolate spheroidal boundary surface in R 3 . In the next section we review an explicit set of special monogenic polynomials, which forms a complete orthogonal system in M + (S; H) in the sense of the quaternion inner product
Here ω corresponds to an arbitrary positive weight function on ∂S that is chosen so that the indicated integral exists, and dσ is the Lebesgue measure on ∂S.
3. A complete orthogonal system of monogenic polynomials over 3D prolate spheroids
Prolate spheroidal monogenics
In [50] a special complete orthogonal system of (MT)-polynomial solutions is obtained over the interior of prolate spheroids in R 3 . The principal point of interest is that the orthogonality of the polynomials in question does not depend on the shape of the spheroids, but only on the location of the foci of the ellipse generating the spheroid. It is shown a corresponding orthogonality over the surface of these spheroids with respect to a suitable weight function. The explicit expressions of the mentioned (prolate) spheroidal monogenics are given by Theorem 3.1 (see [50] ). Monogenic polynomials of the form
for l = 0, . . . , n, with the notation
form a complete orthogonal system over the surface of a prolate spheroid in the sense of the product (5) with weight function
and their norms are given by S n,l 2 L 2 (S;H;H) = π (n + 2 + l)
Remark 3.1. For the usual applications we define these n + 1 polynomials in a spheroid which has an infinite boundary, because P l n (cosh µ) becomes infinite with µ. Of course, the results can be extended to the case of the region outside a spheroid as well. One has merely to replace the Ferrer's associated Legendre functions by the Legendre functions of second kind [32] .
In the considerations to follow we will often omit the argument and write simply S n,l instead of S n,l (µ, θ, φ). These n + 1 system constituents satisfy the first order partial differential equation
We further assume the reader to be familiar with the fact that ∂ is a square root of the Laplace operator in R 3 in the sense that
For, the monogenic polynomials S n,l can be seen as a refinement of the harmonic polynomials exploited by Garabedian in [25] . It is of interest to remark at this point that the Laplacian in (prolate) spheroidal coordinates reduces to the classical Laplacian in spherical coordinates if a = b, which occurs as µ appoaches infinity, and in which case the two foci coincide at the origin.
Properties
This subsection summarizes some basic properties of the prolate spheroidal monogenics.
Proposition 3.1. The monogenic polynomials S n,l (l = 0, . . . , n) satisfy the following properties:
4. The polynomials S n,l are 2π-periodic with respect to the variable φ.
Proof. For the proof of Statement 1 we simply note that
and A n,l+1 (0, 0) = 0 for l ≥ 0. For Statement 2 a straightforward computation shows that
For the proof of Statement 3 we note that S n,1 (µ, θ, φ) = (n + 3)(n + 2) 2 A n,1 (µ, θ) (cos φ − sin φk)
The proof of Statement 4 can be performed using the periodic properties of the Chebyshev polynomials of the first and second kinds. We have then that S n,l are periodic with period 2π with respect to the variable φ. It means that for all φ it holds S n,l (µ, θ, φ + 2π) = S n,l (µ, θ, φ) (l = 0, . . . , n). We show now that a smaller period is not possible. Taking into account a previous representation it is clear that the period of T l (cos φ) and
, where d is the greatest common divisor of l and l + 1, respectively. If l ≥ 0 it follows that d = 1.
Numerical examples
This subsection presents some numerical examples showing approximations up to degree 10 for the image of a prolate spheroid under a special (prolate) spheroidal monogenic mapping.
From the geometrical and practical point of view, we are interested to map a prolate spheroid to a domain in R 3 (not necessarily a prolate spheroid). To begin with, a direct observation shows that for each degree n ∈ N 0 the polynomial S n,0 is monogenic from both sides (∂S n,0 = S n,0 ∂ = 0) and is such that [S n,0 ] 3 = 0, i.e. S n,0 : S −→ A := span R {1, i, j} ∼ = R 3 . We use this insight to motivate our numerical procedures for computing the image of a 3D prolate spheroid under S n,0 . We did not go further than n = 10, as our program becomes very time-consuming. 
A special Fourier expansion by means of spheroidal monogenics
This subsection discusses a suitable Fourier expansion for monogenic functions over 3D prolate spheroids in terms of orthogonal monogenic polynomials. To begin with, note that for each degree n ∈ N 0 the set
is formed by n + 1 = dim M + (S; H; n) monogenic polynomials, and therefore, it is complete in M + (S; H; n). Furthermore, based on the orthogonal decomposition
and the completeness of the system in each subspace M + (S; H; n), it follows the result. Theorem 3.2. For each n, the set (6) forms an orthogonal basis in the subspace M + (S; H; n) in the sense of the product (5) with weight function
such that a > b. Consequently,
is an orthogonal basis in M + (S; H).
Using the L 2 -norms of the constructed polynomials, we can normalize them in order to get a complete orthonormal system in L 2 (S; H; H). For, from now on we shall denote by S * n,l (l = 0, . . . , n) the new normalized basis functions S n,l in L 2 (S; H; H) endowed with the inner product (5). Yet clearly we can easily write down the Fourier expansion of a square integrable H-valued monogenic function over 3D prolate spheroids. Next we formulate the result.
Lemma 3.1 (Fourier Expansion in S)
. Let f ∈ M + (S; H). The function f can be uniquely represented with the orthogonal system (7):
where for each n ∈ N 0 , the associated (quaternion-valued) Fourier coefficients are given by a * n,l = < S * n,l , f > L 2 (S;H;H) (l = 0, . . . , n).
Applications
Monogenic Szegö kernel function over 3D prolate spheroids
Due to the absence of a direct analogue of the famous Riemann mapping theorem for higher dimensions, at first glance it seems extremely difficult to get closed formulae for the Szegö kernel on monogenic functions. However, in 2002 D. Constales and R. Kraußhar [11] provided an important breakthrough in this research direction. As far as we know, before their work explicit formulae for the Bergman kernels were only known for very special domains, such as for instance the unit ball and the half-space. In several papers [12, 13, 14, 15] , the authors were able to give explicit representation formulae for the monogenic Bergman kernel for block domains, wedge shaped domains, cylinders, triangular channels and hyperbolic polyhedron domains which are bounded by parts of spheres and hyperplanes. Recently Kraußhar et al. also managed to set up explicit formulae for the Bergman kernel of polynomial Dirac equations, including the Maxwell-, Helmholtzand Klein-Gordon equations as special subcases, for spheres and annular shaped domains.
With the help of the above-mentioned polynomials we can now obtain an explicit representation for the monogenic Szegö kernel function over 3D prolate spheroids. Now, since the right linear set M + (S; H) is a subspace of L 2 (S; H; H), to each ξ ∈ S, if K S (x, ξ) is a positive definite Hermitian quaternion element in M + (S; H), then it can be easily shown that there exists a uniquely determined Hilbert space of functions on S admitting the reproducing kernel K S (x, ξ), and such that
or equivalently,
for any f ∈ M + (S; H). The function K S (x, ξ), with (x, ξ) ∈ S × S, is called the monogenic Szegö kernel function of S with respect to ξ, and is given by
Next we formulate our main result. 
where the L 2 -norms of S n,l are explicitly known, and with the subscript coefficient functions
for l = 0, . . . , n.
Proof. Let f ∈ M + (S; H), and (x, ξ) ∈ S × S be fixed. To begin with, if we take the Fourier series expansion (8)
and using the reproducing property (9), it follows that
By setting x = (µ, θ, φ) and ξ = (η, β, ϕ) we have
The quaternion multiplication of S n,l (x) and S n,l (ξ) may be performed straightforwardly.
Properties
This subsection describes some of the basic properties of K S .
Proposition 4.1. The monogenic Szegö kernel function K S satisfies the following properties:
2. The function K S is 2π-periodic with respect to the variables φ and ϕ;
Proof. The proofs of these statements are a consequence of Statements 1 and 4 in Proposition 3.1.
Geometric properties
The numerical results presented in Subsection 3.3. give us a motivation for computing the image of a prolate spheroid under the kernel K S x, (0, 0, 0) where x = (µ, θ, φ). A direct observation shows that (2n + 1 − 2k) (n) 2k (n + 1) 2k+1 . 
Conclusion
In summary, we have defined and investigated a Szegö kernel monogenic function in 3D prolate spheroids. The importance of constructing this function stems from the role which it plays when solving both basic boundary value and conformal mapping problems. It may also be useful when revisiting the so-called Szegö's kernel approach for solving 3D numerical conformal mapping problems. With the help of the properties of this function, we hope to contribute to the existence of extremal problems through this investigation and theorems for partial differential equations of elasticity. Further investigations on this topic are now under investigation and will be reported in a forthcoming paper.
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